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ABSTRACT 

We use the Kerr/CFT correspondence to calculate the entropy for all known extremal 
stationary and axisymmetric black holes. This is done with the help of two ansatzs that are 
general enough to cover all such known solutions. Considering only the contribution from 
the Einstein-Hilbert action to the central charge(s), we find that the entropy obtained by 
using Cardy's formula exactly matches with the Bekenstein-Hawking entropy. 
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1 Introduction 

To successfully calculate the entropy for black holes is a challenge for all candidates of the 
quantum gravity theory. In reverse, helpful insight to quantum gravity may be obtained if 
one can find a general way to calculate the black hole entropy. 

The Kerr/CFT correspondence [TJ [2] has been quite successful with calculating the 
entropy for extremal black holes. The basic idea is to discuss dynamics on the near-horizon 
metric of the black holes. With appropriate boundary conditions, the corresponding phase 
space can be identified with that of a two dimensional conformal field theory. The entropy 
of the black hole can then be calculated from the corresponding central charge(s) by using 
Cardy's formula. After it was first proposed in [Ij, the method has been found to work for all 
the cases that have been checked (for refs, see [3]). It was suggested in |2j that the extremal 
condition may be at the heart of the correspondence. So the Kerr/CFT correspondence is 
also called the Extremal Black Hole/CFT correspondence. 
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In hindsight, several important points have also been raised in The first is related 
to the matter field contribution to the central charges of the dual CFTs. It was found in [2] 
that the gauge field does not contribute to the central charge for solutions in the Einstein- 
Maxwell system in four dimensions. This result was echoed in [4j 5j, where it was shown by 
using examples in four and five dimensions that non-gravitational fields such as the scalar 
field, the Abelian gauge field and the antisymmetric tensor field do not contribute to the 
central charge(s). The second point is that the success of the Kerr/CFT calculation may 
partially due to the possibility that all near-horizon metrics share a particular common 
structure. The near-horizon metrics for some extremal black holes have been studied in 
[131 fl4] in a different context. In four dimensions, the near-horizon metrics are found to be 
of the form 

dsj = f{9) [ - r^dt^ + ^+ a{e)de^^ + -f{e){d^ + krdtf , (1.1) 
while in higher dimensions they are found to be of the form 

dsl = f{9') [ - r^dt^ + T^J + ai{e^)dO'^ + lab{0'){dr + kardt){d(t>^ + hrdt) (1.2) 

for a certain class of solutions, where k and ka are constants while all the functions depend 
on ^*'s only. It was then shown in [6] that ()1.2p indeed plays a significant role when the 
Kerr/CFT correspondence is applied to various solutions in (gauged) supergravity theories. 
Further examples were also presented in [?j . Lastly, it was speculated in [2j that the Frolov- 
Thorne temperature may be of the general form Tl = in four dimensions. This was 
then generalized to higher dimensions in [6], 

^'° = i- 

based on all the examples that have been studied. This result also plays a crucial role in 
applying the Kerr/CFT correspondence to various black hole solutions [6l[7]. 

In this paper, we present two ansatzs that are general enough to cover all known sta- 
tionary and axisymmetric black holes. Extra constraints can be obtained by noticing that 
black hole horizons are intrinsically regular. We then show that (jl.2p can be derived as soon 
as the near-horizon limit is taken for extremal black holes. As a result, (|1.2p is valid for all 
known extremal stationary and axisymmetric black holes. The Frolov-Thorne temperature 
of the form (|1.3p is also derived in a straight forward manor. Then we explicitly calculate 
the central charge(s) related to ()1.2p . When the microscopic entropy is calculated by using 
Cardy's formula, we find that the result exactly matches with the Bekenstein-Hawking en- 
tropy. In this way, we demonstrate in a general fashion that the Kerr/CFT correspondence 
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is applicable to all known extremal stationary and axisymmetric black holes. What's more, 
empirical results such as (jl.3p can also be derived without making extra assumptions. 

Note earlier works have largely demonstrated the general applicability of the Kerr/CFT 
correspondence (see, e.g. [HI O UJ). So it is not our intention here to show this again. 
Rather, we are most interested to see to what extent can the calculation be carried out in 
a general fashion. 

For practical reasons, we have only considered the contribution from the Einstein-Hilbert 
action to the central charge(s). The fact that the resulted microscopic entropy matches 
with the Bekenstein-Hawking entropy implies that the non-gravitational contributions to 
the central charge(s) are zero, which is consistent with the results found in j2l|4l[5]. One can 
certainly try to repeat the same process for more complicated theories. For example, it has 
been shown in [9] (See also pi)J for an earlier work) that in a theory with higher-derivative 
corrections in the gravitational sector, the higher-derivative terms also contribute to the 
central charge(s) and the correct entropy is the one constructed by Iyer and Wald |1H I12j. 
However, it is obvious that a similar calculation will be extremely difficult. 

The plan of the paper is as following. In section [21 we will present the two ansatzs for 
all known stationary and axisymmetric black holes. The near-horizon metric for extremal 
black holes will then be derived in section [3l The central charges will be calculated in 
section HI but most of the extra detail will be contained in Appendix |S1 The microscopic 
entropy from the CFT side is then calculated in section [5l A summary will be given in 
section [6l 

To make the whole calculation more accessible to most readers, we have included an 
introduction to the treatment of asymptotic symmetries by using the covariance phase space 
method in Appendix |Bj We will also revisit most of the examples studied in [U [U [7] in 
Appendix [Cl by using the new perspective that we gain from the present work. 

2 Two General Ansatzs for Stationary and Axisymmetric 
Black Holes 

The basics of the Kerr/CFT correspondence has been explained in JT\ in much detail. Here 
we will go directly to the general case we want to study. 

We will start with presenting two general ansatzs that cover all known stationary and ax- 
isymmetric black hole solutions. The construction will be partially based on our experience 
with all the solutions that are known. 
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Stationary and axisymmetric black hole solutions share some common features: 

• By using the term "stationary and axisymmetric", one assumes that (i) a coordinate 
system exists where some of the coordinates can be identified with the asymptotic 
time direction t and the azimuthal directions 0", and (ii) the metric does not depend 
on t nor (j)"". 

• Among the rest of the coordinates, one coordinate can be singled out as describing 
the radial direction f. For all known solutions, the position of the black hole horizon 
(r = th) is determined by a single function of f : A(r/f) = 0. 

• All other coordinates are then related to the latitudinal angles 6^ . For a black hole in d- 
dimensional spacetime, there can be [^^] independent rotations. So a = 1, • • • , [^^] 
audi = !,••• ,[f]-l. 

• For all known solutions, one can always chose the coordinate systems so that the 
metrics do not have any cross terms involving dr or d9^. 

• Near the black hole horizon, it can either be a term like dt + fa{r,0^)d(p"' or a term 
like fa{r,0^)d(p^ playing the role of time. 



Metrics reflecting such features can always be written as 

di + faO 



dsd = —f 
Jt 



^ + ^dr^ + gijdO'de^ + dsl , (2.1) 



or 



dsd = --r 
Jt 
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fr 



fadr + ^df' + gi.dO'de^ + d4 , (2.2) 



with 

dsl = 9ab{dr - Xadi)[d^^ - Xbdi) + htdP ■ (2.3) 

Note all the functions depend on f and 0*'s only, while A will be the function determining 
the location of the horizon and so it depends on r only. We have allowed d^^'s to mix among 
themselves in ()2.ip and ()2.2p . so both ansatzs can describe possibly slightly more general 
cases than listed above. We have also included the fttdP term in (|2.3p to make (j2.ip and 
(j2.2p as general as possible. The assumption on ftt is that it should not play any significant 
role near the horizon. As we will see below, this means ftt ~ A^ as f — )• r//. As far as 
we can tell, all known stationary and axisymmetric black holes can either be written in the 
form of (j2.ip or in the form of (|2.2p . We also notice that the two ansatz are actually general 
enough to go beyond black holes and cover objects such as the black ring [TS] . 
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Some extra constraints can be obtained for the functions in (j2.ip . (j2.2p and ()2.3p by 
noticing that black hole horizons are intrinsically regular. A regular horizon means that the 
metric (and the matter fields) should be manifestly regular on the horizon if the coordinate 
system is chosen appropriately. 

To see how this can help us, note that the first two terms in ()2.ip can be written as 



A 

It 



di + fa 4"] ' + ^-^dr^^ = "^-^^ + 2//^ drA , (2.4) 



where 

A = di + fa d^)" + ^:^^df . (2.5) 

The superficial singularity near the horizon comes solely from A(r//) = 0. To make the 
metric regular on the horizon, one can try to make A regular first. This can be achieved 
if there exist functions = hy{f), ha = ha{r) and hj, = h_A{r,6'^) being regular on the 
horizon and satisfying 



= hv + faha + h^A + 0(A2) . (2.6) 

In this case one can write A = dv + fa dtp"" + hji,df + 0{IS) by using the coordinate trans- 
formation 

dv = di + ^^dr , dr = dr + '^dr . (2.7) 
A(f) A(f) ^ ^ 

We find that this process is possible for all know examples. For (j2.3p . 

— Xahv ( j,b _ hb — XbK 



ds^ = gab{dip°' - Xadv — drj[d^ - Xbdv — df 

+fu[dv-^dr)\ (2.8) 

To make ds^ regular on the horizon, one must have 

Xa = ^"t^^^ +^(^')' /« = /i«A2 + 0(a3) . (2.9) 

Again /i^ = /ij(r, 0*) and hu = htt{r, 9^) must be regular on the horizon. Using these results 
and keeping only leading order corrections, one has for (j2.ip at f — ?■ r//, 



ds 



/ . ha + KA A / hb + hiA A 

+9ab [dr - \ ^ dt) (d^' - ' ^ ^ dt) . (2.10) 



If the same process is repeated for (|2.2p . one can find that when f ^ th 
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+9ab 



ha + KA . 



(2.11) 



As we will show in Appendix [Cl ()2.10p with /i_4 = h'^ = hu = is in fact exact (i.e., not an 
approximation) for a surprisingly large number of solutions. 

Strictly speaking, our derivation of ()2.10p and (j2.1ip is by no means the most general 
one. The whole process rests upon using the coordinate transformation (j2.7p to render both 
A and ds^ finite on the horizon separately. One may as well try to think of other ways to 
make the whole metric (|2.ip finite on the horizon all together. Since we have made no effort 
trying in such a direction, we will have nothing to say about this point. For the purpose 
of the paper, it is important to notice that (j2.10p and (|2.1ip already appear to be general 
enough to cover all known stationary and axisymmetric black hole solutions. 

For later convenience, lets calculate the black hole temperature for (I2.10p and (12. lip . 
For that purpose, we choose a static coordinate system with both t and 0" canonically 
normalized. The surface gravity is calculated with the particular Killing vector. 



^ = df + nad.. 



(2.12) 



Here the constants are chosen to make ^ null on the (outer) horizon. They are inter- 
preted as the angular velocities corresponding to the azimuthal angles To see how f^a's 
can be calculated, note that for (|2.10p . 



(/it, + faha + /i^A)2 

and for (IXTB . 

-frA ■ (/,n„^2 



For both cases, to make ^ vanish on the horizon one must have 

Including corrections to the leading order, one has 

The surface gravity on the horizon can be calculated by using 

,.2 _ (dX? 



4A 



A 



+ huA' 



r=TH 



(2.13) 



r=rH 



(2.14) 



(2.15) 



(2.16) 



(2.17) 
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For non-extremal solutions, A(f) = Ag • (f — r^) + 0{f — ru)"^ with Aq = A'^vh)- So to 
leading order, 

X = ^A',.{r-rH) + 0{f-rHf, (2.18) 
where /° = frirn, G^)- The surface gravity (|2.17p is then given by 



2 g^'^dfXdfX 



A: 



4A 

So the temperature of the black hole is given by 



H 4/i02 



(2.19) 



For an extremal solution, A = ^Aq • (f — rH)"^ + 0{f — r^)^ with Aq = A"(r//). One can 
find that Th = 0. An easy way to see this is to start from (j2.20p and then take the extremal 
limit 

A^^O =^ Th^O. (2.21) 
Note all the results starting from (j2.15p are valid for both (j2.10p and (|2.1ip . 



3 The Near-Horizon Metric for Extremal Black Holes 



f = rH + yXrH, t = , „ r = r + nj. (3.1) 



To get the near-horizon metric for an extremal black hole, one follows \16\ [H [6] and let 

Using A = ^Aq • (f — th)"^ + 0{f — rn)^ and after sending A — ?■ 0, one has for both (|2.10p 
and PTTT]) . 



A'o V y 



+glddr + k''ydi){dcl)' + k'ydi) , (3.2) 
where g^j = gij{rH, 0*), and we have used (j2.16p and have defined 

^0 



One can see that (13. 2p is exactly of the form (ll.2p . Based on the argument made in the 
previous section, (13. 2p is valid for all extremal stationary and axisymmetric black holes. 
To get to the global coordinates, let 



/ ~ VT+T^sint 

y = T -|- V 1 + cos t , t = . (3.4) 

y 
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Then 



ydi = rdt + d In 



So by letting 



4," ^<i)'' - In 
one can rewrite the near-horizon metric 



l + r2 
+ sin t 
cos t + r sin t 



+ sin t 
cos t + r sin t 

as 



2/, 



A" 
^0 



(l + r2)dt2 + 



1 + r2 

+5°b(d(/.'' + k''rdt){d(t>^ + k^rdt) 



(3.5) 



(3.6) 



(3.7) 



The significance of this form of the near- horizon metric in the context of the Kerr/CFT 
correspondence was first noticed in [2], then the importance was stressed upon again in [6] 
for black hole solutions in higher dimensions. More examples were then provided in [7j. 



4 The Central Charge(s) of the Dual CFT(s) 

Following [Ij one can try to calculate the black hole entropy by studying dynamics on the 
near-horizon metric (j3.7p . with the help of appropriate boundary conditions. The symme- 
tries of the corresponding phase space are generated by [^y^] commuting generators [6], 
namely 

(^^ = -6-'""^' d^a-imre-'""''''dr, a = 1 , • • • , [^^] . (4.1) 
It is easy to check that 

^[Ce^] = (m-n)C+„- (4.2) 

These transformations generate [^y^] commuting Virasoro algebras. For each Virasoro 
algebra, the phase space can be identified with that of a two-dimensional conformal field 
theory. The classical version of the charge Q^^ is defined in (]B.3ip . To get the quantum 
version of the charge, we write 

Qg. = - a6m , (4.3) 

with a being some constant. From (|B.3ip and (IB.47p . it is easy to see that if is scaled by 
a factor, the right hand side of (|4.3p also needs to be scaled by the same factor. Especially, 
one has 

Ql^?n,^?.] = Q-i{m-n)S.^+„ = -ii^ - [L^m+n " CK^m+n) • (4.4) 
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So from ([RMI) . 

= (m - n)Lm+„ - 2ma(^m+n + iK[C> C] • (4-5) 
Comparing this with the usual relation, 

[L^ , L^] = (m - n)L^+„ + —mim^ - l)6m+n , (4.6) 

one gets 

^[C,a = -iY^m(m2 - 1 + —)s^+n . (4.7) 

So the central charge c° is determined by the coefficient of the term in ^^[Cm^Cn]- The 
term linear in m is not so important because a is a free parameter. 

The central term K[S^'^,S^'^] corresponding to the near-horizon metric (13. 7p is calculated 
in (|XT2]) . 

_ i(m - n)n^fc" 

IW' ?nJ Om+nAea , (4.8) 

with Area being the horizon area for either (j2.1U|) or (|2.11|) . Comparing this result with 
()4.7p . one has 

C — — Area • (4.9) 

zvr 

Note this result only contains the contribution from the Einstein-Hilbert action. 



5 The Entropy 

In the following, we shall try to relate the central charge to the entropy by using Cardy's 
formula. Again following [Ij, one can adopt the Frolov-Thorne vacuum [17J to provide a 
definition of the vacuum state for the extremal metric. One important task here is to derive 
the left-moving and right-moving temperatures. We will do it by starting with non-extremal 
metrics and then take the extremal limit. 

Quantum fields for the general (non-extremal) metrics (j2.ip and (j2.2p can be expanded in 
eigenstates with asymptotic energy oj and angular momentum m^, with t and (j)"" dependence 
^-luit+ima'f)'' _ j]^ terms of the redefined i and 0° coordinates of the extremal near-horizon 
limit, given by ()3.ip . we have 
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witt ^ 



n; 



riR 



(w 



rUn^n 



(5.2) 



The left-moving and right-moving temperatures Tl and are then defined by writing the 
Boltzmann factor as 



-nl/Tl-UR/Tn 



As a result, 



Th 



Tr 



2/1° 



-Th. 



(5.3) 



(5.4) 



In a black hole solution, there should always be a parameter corresponding to each global 
charge that the solution may have. For a rotation rj^; the corresponding global charge is 
angular momentum, and let's suppose the corresponding parameter in the solution is given 
by la- To obtain the extremal limit for the temperatures, one can take Ha to its extremal 
value la- On the horizon, 



A(rj^) = 



^ ^ rfA(rH) ^ d^jru) ^ dA{rH) drn 



dia d£a ' drn d£a 

Because d/S.{rfj) / dla is finitqj, one has in the extremal limit 

dA{rH) drn dA{rH) /dA{rH) 







dia 



dvH 



oo 



(5.5) 



(5.6) 



So in the extremal limit, Tr = and 

Th 



L 



n 



^OTh dTHdrH \ 
\dia drndla^' 
fdTH /dOa 
V drn 
1 



dr 



H 



T /dna\ 






1 dU 


f — i-/ 




dQa dnadrH\ 
dia drn d£a ^ 






T'^th) a- 







27rfc" 



(5.7) 



where we have used (|3.3p . The result (j5.7p was first speculated to be true for general 
extremal black holes in four dimensions in [2]. It was then generalized to solutions in 
arbitrary dimensions in [6J based on all the examples that are studied. Here we have shown 
that ()5.7p is true for all known extremal stationary and axisymmetric black holes. 



^From now on until H5.7|) . any quantity from the extremal solution will be distinguished with a tilde. For 
example, fia is an angular velocity for the extremal solution, while Q.a is its counterpart for the non-extremal 
solution. 

^Note dA{rH) /d£a ~ corresponds to the case where A(r) does not contain the parameter £a, which in 
turn means that th is independent of £a- This is unlikely to happen. 
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Now by using (j4.9p . (j5.7p and Cardy's formula for the entropy of a unitary conformal field 
theory at temperature Tl, we find that the microscopic entropy is given by (no summation 
over a) 

S = ln\lTl = ^, (5.8) 

where we have identified with c". We see that this result exactly matches with the 
Bekenstein-Hawking entropy. 

Since the central charge in (j4.9p only contains the contribution from the gravitational 
field, the fact that (jS.Sp matches with the Bekenstein-Hawking entropy implies that the 
non-gravitational contributions to the central charge(s) are zero. This is consistent with 
the results found in [21 HI [5] . 

6 Summary 

In this paper, we have calculated the microscopic entropy for all known extremal stationary 
and axisymmetric black holes by using the Kerr/CFT correspondence. 

We started by presenting two ansatzs (12. ip and (12. 2p that are general enough to cover all 
known stationary and axisymmetric black holes. Then more constraints on the metrics are 
introduced from the fact that the black hole horizons are regular. A common form of the 
near-horizon metric ()3.7p can be derived when the near-horizon limit is taken for extremal 
black holes. By using this near-horizon metric, we explicitly show that the microscopic 
entropy calculated by using Cardy's formula exactly matches with the Bekenstein-Hawking 
entropy. In this way, we have shown that the Kerr/CFT correspondence is applicable to all 
known extremal stationary and axisymmetric black holes. 

For practical reasons, we have only considered the contribution from the Einstein-Hilbert 
action to the central charges. And the match of the microscopic and the macroscopic en- 
tropies indicates that the non-gravitational fields do not contribute to the central charge(s). 
Although one can certainly try to repeat the same process for more complicated theories, 
such as what has been done in the calculation will be much more complicated. 

Finally, being able to calculate the entropy for a large class of black holes by using a 
general method is an encouraging progress. We hope that the result obtained in this work 
can help lead to some true understanding of the microscopic origin of the black hole entropy. 
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A Calculating the Central Term K[^,(] 

The central term for p.7p can be calculated by using ()B.36P and ()B.47p . which 

are derived by using the Einstein-Hilbert action alone. 

Lets first write down the non- vanishing metric elements in (j3.7p PI 

Gtt = -^(l + r2) + feV, 
Gat = Gta = Kr , 
Gab = Safe ) 

r - 

^ij — iJij 1 

Grr = -^2^ (A.l) 

where ka = gl^k\ = g^^k^k^ and A = 2/O/A^'. Note = fr{rH,e'), g% = gij{rH,e') 
and = gab{^H,d^) are functions of 0*'s only, while Ag = A"(r/f) and fc"'s are constant. 
Let (5*^"^) be the inverse of (9^^), and {g'^^^) be the inverse of {g^j), one has 

1 



G« = 



A{l + r^) ' 



ah „Oab 



k^k^r^ 



^ A(l + r2)' 
1 + 

G'''' = ——. (A.2) 
A 

For later convenience, note that 

r* - ^ h 

ra n AtA I 2\ ^ 



^ rt 



2A(l + r2) 

k'^r 



l + r2 2yl(l+r2)' 



^In this section, we shall use the capital letter G to denote the full metric (|3.7|) . in order to distinguish 
it from the elements gfj and g^b- 
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rr 



l + r2 ' 
r 

2^(1 + r2)' 



r' = 



r* = 



1 — /.2^2 



" 2(1 + r2) 2^(1 +r2)^"- ^^'^^ 
Given a particular azimuthal angle and the Killing vector 

= -e-'""^' d^^ - inre-''"^'dr , (A.4) 

the nontrivial elements of 

V(^n) = JO-^G^. = adpG^. + G^pd^en + Gp^^d^en (A.5) 



are given by 



hra — Grrda^fi — i i ^2 ^'^'^ ' 



(l + r2)2 

1 + r2 

2-ind>^t A iJ2\ 



htt = = 2inr^e-*"'^ {A - k') , 

hta = Cn^rGta + GtbdaCn = -inre~""^" {ka - kaSaa) , 

hab = Gacdben + Gcbdaen = ine-''"f'\glJ-ab + glS-aa). (A.6) 



As a result, h = and 



J. J. 



^(l + r2). 



^(1 + 

h» = G''G'%, + 2G''G'^hta + G'^GHab= ] ' , 

A(l + r^)^ 

^ta ^ G^^G^^htt + {G^^G""^ + G^^G''^)htb + G^^G^'^hbc 

y4(l + r2) Vl + r2 /' 
^a6 ^ G"-*G^^hu + {G'^^G'"' + G'"'G''*)htc + G'"'G'"^hcd 

- me Y> 9 9 ^(i + ^2)2 
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2yl(l +r2) V 1 + r2 



2^(1 +r2) V l + r2 



2^(1 +r2) Vl + r2/ 

~^^mG G ipahrp — V ^^.hap — ^ap^ra) 

~\~i'mG^^ G^"" dahra + CmG^^ G^'^ dah^r 

.J. ^rr (-ita ( _T^a i_ _ -pa u _\ 
~r?m'-^ '-^ I ar"'a.r -L ar'''ra) 

imn2r2e-*(™+")'^^ / 6 - 2r2 2n\ , = 



(A.7) 



A(l +r2) 
From (|R47l) . one has 

-CV*/i + CVp/i*" - ^ V-e^ + h^'^VpC - Up-^'h'P . (A.8) 
We are only interested in terms that wih lead to when m + n = is applied, 



2yl(l +r2) V 1 + r2 m/ 

^ ^)k\ (A.9) 



2^(1 +r2) V l + r2 

where "~" means only terms contributing to are preserved. The integral in ()B.36p is 
done at r — )• +00. In this limit, we have from ()A.8p and (jA.Op . 



^ (A.IO) 
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Now using ()B.36P and (|B.47p . and noticing that 



one has 

167r" 

i{m — n)n'^k'^ 



167r 



^m+ri'^rea ■ (A. 12) 



Note Area = § \ \9%\\ \9lb\ Hi dO"- Ha is the horizon area for both (I2J0I1 and (ICTTl . 



B The Asymptotic Symmetry Group 

Asymptotic symmetries are transformations that leave the metric invariant up to what is 
allowed by given boundary conditions. One convenient way to treat asymptotic symmetries 
is the covariant phase space method as in [121 118j. which is also good for exact symmetries. 
The formalism was first used to calculate the central charge of conformal symmetries related 
to a black hole horizon in [19j. After that, there have been a lot of further developments. 
Some examples can be found in [20l [211 122| [23]. 

To motivate for the covariant phase space method, one starts with the classical mechanics 
(see, e.g.[24])- The Lagrangian is given by L = L{q, q), where q = q{t) describes the classical 
trajectory of a particle. For a small variation of the path, 

/dL d dL\ ^ d fdL \ ,^ , 



The equation of motion is given by 



dq dt dq ^ ^ 



When this is linearized, one has 



pj2T pp.T n r 

6E=—5q + —-5q-5p = Q, P=^- (B.3) 
ag^ oqoq aq 

From the boundary term in ()B.ip . one can define Q{q,5) = p5q and 

n{q;6i,62) = 5i@{q,52)- 62e{q,6i) 

= 5ip52q - 62p8iq , (B.4) 
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where 5i and 82 stands for two independent variations. Notice that Q{q;5i,52) is time 
independent if both Siq and 52q satisfy ()B.3p . 

'^^^^dt^''^^"^ ^ '5i?"^2Q' + hphq - 52phq - S2pSiq = . (B.5) 
The Hamiltonian of the system can now be defined as 

5H = n(^q;6,^)=6Q[q,^)-j^e{q,6)=5pq-p5q. (B.6) 

Here we have taken the hberty to generahze 6 to other possible operators, such as d/dt. In 
the case of a curved spacetime, one might also use the Lie derivative C^. It follows that 

._dH._dH 
dp ^ ^ dq ' 

Using generalized coordinates, 0" = {g,p},a = l,2, one can write 

n{(t>'';5i,52)=VLab5l4>''524>\ {^ab) = \ _ (B. 

Let (17"^) be the inverse of (Oab), 

i^"') =1 " I , (B.9) 




the Poisson bracket of any two functions is then given by 



I ' / P.B. " dq dp dp dq 



A special example is that, for / = f{q,p), 

^ = ^q+^p=^^_^^ = ff h} (Bll) 
dt da dp da dn dn da I- ' ) P.B. 



For a more general system, there can be more coordinates than just {q,p} and ^lab can 
be more complicated than in (jB.Sh . By analogy to (|B.6p . one can try to construct a charge 
corresponding to any symmetric transformation 6^, 



SQ^ = nict)"; S, S^) = ^abH^h^t' ■ (B.12) 

To make a physically meaningful charge, the variation ()B.12p needs to be integrable and 
Q{(j)"']5,5^) needs to be constant in time. This will put extra constraints on 50" and 5^</>", 
just as in the case above. Given two charges as defined in ()B.12p . the Poisson bracket is 

{q, , Q,}^^ = n^'^-^^-^ = nir; So SO . (b.i3) 
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This result will play a central role in the treatment that follows. 

Now consider a system with the Lagrangian density £ = £(0°, c?^</>'^, d^d^ct)"'-, • • • )• The 
actions is 



S= L, 1. = Cy/\g\(rx = C*l. (B.14) 
JM 

A symmetric transformation should leave the integrand L invariant or up to a total deriva- 
tive which integrates to zero, 



5 J. = dM, , 5S= dM, = * M, = . (B.15) 

JM JdM 

On the other hand, 

6,L = Eade^"" * 1 + de(</>", 6,) , (B.16) 

where all the terms involving a derivative on 5e(f>'^ have been moved into the d@ term. It 
is easy to see that Ea = is the usual Euler-Lagrange equation for (p"". From (jB.lSh and 
()B.16p . one can define a Noether current, 

J, = 0(0^5J-M,, (B.17) 

which becomes a closed form when the equations of motion are satisfied, dJ^ = —Ea-5e(t)°'*\. 
So when Ea = 0, one should locally have = dQ^, with Qg being some n — 2 form. Now 
with appropriate boundary conditions, a conserved charge can be defined as 



Q,= dQ,= 6 Q,, (B.18) 

Jv JdV 

where ^ is a space-like slice of the spacetime manifold Ai . The charge is defined up to 
an arbitrary closed form, but this ambiguity drops out in (IB.18|) . 

For a transformation generated by the Lie derivative, S^fj)"" = C^cp'^, one has 

= C^L = d{i^L). (B.19) 

The Noether current ()B.17p is 

= £5) -i^L. (B.20) 

By analogy to ()B.4p . one can define 

n{ct>'';Su52) = [ Mr;Si,S2), (B.21) 
Jv 

w{r -,51,52) = 5ie{r,52)- 52e{r,5i). (B.22) 
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The quantity 6i, 62) is conserved if 

(iw(0";5i,52) = =^ f w=/dw = 0. (B.23) 

JdM Jm 



Notice that, 



As a result, 



= {5i52-5i52){C*l) ^ 5i52(j)'' = 5i52cp'' , (B.24) 
= i6iEa62cP'' -62EJicP^)*l + dw{r;Si,62). (B.25) 

dw{r;SuS2) = =^ 5iEa = 62Ea = 0. (B.26) 



So 61(f)"' and 624>^ must both satisfy the hnearized equations of motion for 0", in order 
that 81,62) can be constant in time. When this condition is satisfied, one can try to 

construct a charge corresponding to 6^ = C^, by analogy to ()B.6p . 

6Q^ = n{cj)'';6,C^)= [ w((/)'^;5,£^). (B.27) 
Jv 

The variation of the Noether current ()B.20p is 

63^ = 6&{(p'' , C^) - k6L 

= 6@{(f)'',C^)-Ci:e{(t>'',6)+d\ii:G{(t>",6)\, (B.28) 

where the second line is obtained for Ea = 0- As a result, 

wir;6,co = 6&irxi)-c^Qir,s) = dk^ir,6), 

=^ 6Q^ = (f k^(0",<5), (B.29) 

JdV 

with 

kg(^«,5) = 5Qg-i^0(,^«,5). (B.30) 

Note that 6{C^(j)°-) = C^{6(j)°-), so both 5 and satisfy the assumption made about the 
operators 61 and 62 in ()B.24p . From ()B.29p . 

J<j> J<f> JdV 

where Q^{(j)) is the value of the charge on a given background. For the charge Q^{4>) to be 
well defined, one expects the integral to be finite. Now given two such charges (say and 
Q(), the Poisson bracket is found by analogy to (|B.13j) . 

{q^,qA = n{r;c^,i:i)= f k^(</'^/:c)• (B.32) 

L J P.B. Jqy 
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It was shown in [25\ [26] that with appropriate boundary conditions, the Poisson bracket 
{Qs, ) Q(}p.B. of any differentiable generators and (5( takes the form 



(B.33) 



where K[^, ("] is a potential central extension to the algebra. It is demonstrated in [26] that 
a constant shift in the charges will not affect the nontrivial part of ("]. Using this, we 
can shift the charges by some constant and let = in a chosen background. Then 

we get 

K[^, C] = {Qh ,Qc} = / k5(0"> ^C) ■ (B-34) 

P-B- JdV 

Note that if instead of using ()B.27p , had we chosen to define 



Jv 

we would have got 

l J P.B. Jqy 



(B.35) 



(B.36) 



This result was used in the calculation of the Kerr/CFT correspondence [Ij. 

In the case of pure gravity supplemented with a cosmological constant, the Lagrangian 
density is given by 



R-2A 
167r 



For an infinitesimal variation of the metric, 

1 ^ E> OA 



Einstein's equations are 



2A 

n - 2 



R-2A 



2nA 
n-2 



(B.37) 
(B.38) 

(B.39) 
(B.40) 



When ()B.39P is linearized, one has 



= 5E. 



i?-2A, 
9,,u h 



[VpV.hP'' - dpdph - Rp^hp^ 

where hf^^y = 5g^y and h = g'^'^h^^. Taking the trace of ()B.4ip . one has 

v^.v.hP" - dPdph - Rp'^h^, = . 



(B.41) 



(B.42) 
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From (|RT9]) . 



1 



where 



(B.43) 
(B.44) 



The Noether current (IB.20p is 

1 



= T^(d""':r)^ V^V^e. + ^''^pC'^ - 2V'^V^e. - (i? - 2A)e^ 

lOTT 
1 



levr 



(B.45) 



where we have used (fR39|l . Note that iJQj = r^{(F~'^x)i,yl'^^, with 



Prom ()B.30p . one gets that 



(B.46) 



-(/iOl/). 



(B.47) 



This result matches with that given in [5j up to a trivial term. Note uses a formula 
for ]<.^{gpiy,5) with the opposite sign, for which to make sense, we need to use (|B.35p and 
dEM]). 

To clarify the notations involved, note that we write a p-form as 

1 



Its Hodge-* dual is defined by (note |e. 

1 



\9\) 



* w„ = wP^"'P^- 



p\{n — p)l 



dx"'' A • • • A dx''"-^ 



(B.48) 



(B.49) 



One can also write it as 



*wp = {d^-Px)^,...^^w>''-P% 



(B.50) 
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id^'-^x),,...,^ = -^^-—^e,,...,^,,...,^_^dx'^^ A • • • A dx'^"- . (B.51) 
With this, Stokes's theorem Jj^d* Wp = *'^p can be written as 

/ {d--P+'x),,...,^V,,w'^^'^^-'^^ = i {d''-^x),,...,^,,w^^^^^-^^^ . (B.52) 

C Some Examples 

In this section, we use some examples to ihustrate some major points made in the main 
context. The majority of the examples have been studied in [8l[6l[7]. Here we discuss them 
again by using the new perspective that we have gained from the present work. Since all 
the calculations after (j2.10p and ()2.1ip evolve in a straight forward manor, our goal here is 
to show that all the examples can be put into the form of either (j2.10p or (|2.1ip as f — )• r//. 

One intriguing result we find is that a surprisingly large number of solutions are exactly 
of the form ()2.10p with /i_4 = /i^ = hff = 0. This feature could be helpful when one is trying 
to look for new solutions. 



C.l Kerr-NUT-AdS Solutions in Diverse Dimensions 

Lets start with examples studied in [8]. 

The first example is the Kerr-AdS solution in four dimensions |27j . 

" '^ V^^A~)^^^2 («^* = — ~^(^* 5 — ^'^j ' 

p2 = f^ + a^cos^e, A = {r^ + a^){l + f^r^) -2Mf, 

Ag = l-a^r^cos^e, E = l -a^r\ (C.l) 

It is is a solution to the equations of motion = —M^'^g^y. Comparing with ()2.4p and 
(j2.5p . it is easy to see that 

asin^ 6* ,7 , 
A = dt — d(j) + ^dr 

asin^^' r'^ + - s\v? 6 
= dt — — d(p H ^ dr , 

=^ = r'^ + a'^, h^ = aE, /i^ = . (C.2) 

One sees that the metric is exactly of the form (|2.10p with /i^ = hf^ = hu = 0. 

The second example is the five-dimensional rotating black hole with horizon topology. 
The solutions was obtained by Hawking, Hunter and Taylor- Robinson |28j . satisfying the 
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equations of motion R^^ = —M g^xv The metric, which generaUzes the Ricci-flat rotating 
black hole of Myers and Perry [29] , is given by 

ftcos^e 2 Aesin^e . (^^ + "^)^J,^2 



A , asm" 
-^{dt — 



-{adi 



+ 



Aecos^ei,, (^^ + &^) n2 , .-2 , P 



-{bdt 



(C.3) 



+- 



1 + f 



2/)-2 



abdt 



b{f'^ + a^) sin^ 6* 



^6 



2fl x^2 

'2 



where 



A 



1 

+ cos^ 6* + 6^ sin^ 6 , 



(f^ + a^)(f^ + + r^r^) - 2M , A, = 1 - a^r^ cos^ - b^r^ siiP ' 



1 - a 



2n-2 



I -I, 



(C.4) 



Note that in this coordinate system, the metric is asymptotic to AdSs in a rotating frame, 
with angular velocities = —ai~'^ and = —bi~'^. By letting 



(C.5) 



one can change to an asymptotically static coordinate system. The metric is now given by 



p 



+ 



4df' 

A 



,2 /J/ -2 I „2^2 



a sm 



b cos^ 



H 2 



+ 



p2 AeCos2 0(f2 + 62)2 

a"*^^ ^ 2^=:2 

a262(i + f2£-2) r(f2^^2)gij^: 



a(l + P^-") 



^2 _|_ ,-72 



"2 2 



(f2 + 6^) cos^ I 



?2«-2\ 



^2 - ^2+52 



(C.6) 



From ([231) and (f23]) . 



.2/1-2 



1 + 



sin ^2 52^-2 ^2 



+ 



a sin 6 cos , , , 
— d(pi — 002 + —dr . 



.2 

a' 



(C.7) 



Comparing (lOGl) with (|230D . we find 

(r2 + a2)(r2 + 62) 



/12 



2/)-2^ 



^ a(l+r2r2) 
hi = — — 7^ — n,: 



f.2 _|_ g2 



b{l + fH 

y.2 _j_ ^2 



-K-, h_A = 0. 



(C.8) 
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It is easy to see that ()C.6P is of the form ()2.10p with hj[ = h'^ = hu = 0. 

In the following, we shall consider the general Kerr-NUT-AdS solutions found in [30j . 
which solve the Einstein equation R^,^ = —{d — 1)1^"^ g^^u- The case of Kerr-AdS solutions 
have been studied in [8] and [6J. Since the NUT parameters will not affect anything in 
the process, here we will include them as well. Also, we will choose to write the metric by 
analogy to (40) and (48) in [30j, which specialized to seven and six dimensions respectively. 
In even dimensions, d = 2n, the metric is given by 

Ai = rf* + E + ^ x'jxld(j)2 H 1- X^d(j)n-l , 

n-1 

Xi = 2MiX^ + Y,C2jX^/ +9^xj'' . (C.IO) 

j=0 

In odd dimensions, d = 2n + 1, the metric is given by 



with 



An = dt + '^ xjd(j)i + ^ x]x'jd(j)2 H +11 ^Idcpn , 

i=l *J = 1 *=1 

n-1 

Xi = (-l)^£^ + 2M, + ^C2,xf 

i=i 

Ai^i = dt+'^ x'jd(j)i + ^ x'jxld(j)2 H 1- JJ x'jd(l)n-2 

+ E x^jd(j)2 H h Jl 

= dt- r'^d(j)i + ^ x^j{d(t)i - r'^d(f)2) H 

+ J] x|(d</.„_2 - r^d^n-i) . (C.12) 

Note we have wick rotated the radial direction — )• — so that the metrics (jC.OP and 
(jC.lip can be put into a compact form. To get back to the Lorentzian signature black hole 
metric, one needs to wick rotate back, xf — t- —r'^. Especially, one has 

/i = (-l)«-iA(r), Xi = (-l)"X(r), 
f\{r) = r2(«-i) + r2("-2) J] + r2("-3) ^ x]xl + • • • + J] x| , 

j>l j,A:>l j>l 

23 



X(r) 



5^2" + 



(C.13) 



Now from 1^;^ and (^3]) . one has for both (fU^O]) and (fUlT]) . 



^ = ^1 + 



As a result, for both even and odd dimensions {i < n — 1), 



(C.14) 



(C.15) 



From (fCJ2l) . 



(it — -r-d(j)i + 
/ii 



+ ••• + 



In odd dimensions, we also have 



E4[ 



hn-2 

2 r — dt 



(C.16) 



= dt + ^ + ^ x'jx^jd(j)2 + • • • + X, 

i=l *ii=l *=i 

= (it + ^ x'jdcpi + ^ xjx1.d(t)2 + • • • + 

„2 



x'jd(j)n-l 



-r^{d(pi + ^ x^d(/)2 



+•••+ n 4 



dt - r^d(/)i + ^ x^((i(/)i - r'^d(j)2) + 
+ JJ x] (d(Pn-i - r^d4 



dt — -r-dfpi + 
hi 



dt] -r' 



-dt 



■■■ + 



n4[ 



dt 



(C.17) 



So it is obvious that both ()C.9P and (jC.lip can be put into the form of (j2.10p . with /i^ 



hi = htt = 0. 



C.2 Extremal Static Black Holes in Supergravity Theories 

Here we turn to the examples studied in [Tj. A key feature here is that all the solutions 
are charged but static. In order to use the Kerr/CFT correspondence, which only works 
with rotating black holes, the strategy used in [7j is to lift the charged static solutions into 
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higher dimensions by using some consistent Kaluza-Klein reduction procedure. The electric 
charges of the static black holes then acquire the interpretation of rotations in the internal 
dimensions after the lifting. 

Here we will discuss the same examples from the perspective of using (j2.10p . but we 
will still be using the same strategy as employed in [7j. For this purpose, we start with the 
various reduction ansatz given in j31j : 

• For the reduction of type IIB supergravity, the ansatz for the ten-dimensional 
metric is 



10 



A dsl + 



d^4 + ^4{d(t>i + gA'f 



(C.18) 



5^ V A ,=1 
where Xi X2 X^ = 1. 

For the S''' reduction of D = 11 supergravity, the ansatz for the eleven-dimensional 
metric is 

\2 



i 

where A = ^^i f^l and Y.t 1^1 = 1 and X1X2X3X4 = 1. 



(C.19) 



For the reduction of D = 11 supergravity, the ansatz for the eleven-dimensional 
metric is 



A'/'ds^j + g-^A-^/^X,Uf,l 



(C.20) 



i=l 



where A = Yla=o-^a l^a with Hq + fif + H2 = 1, and the auxiliary variable Xq = 

(^lX2)-2. 

For the 5^ reduction of type IIA supergravity, the ansatz for the ten-dimensional 
metric is found in 1321. 



ds'io = (sine)^Xt At ds'i + 2g-'' A^ X^ dS,"^ 
1 3 
+-g-'A-sX-' cos2eE(^* + 5^(i 



(C.21) 



i=l 



where X = e '^V^'^ ^ and A = X cos"^ ^ + X ^ sin^ ^. The quantities are left-invariant 



1-forms on S'^ , which satisfy da* 



^ijkO''' A a^. One can parameterize them as 



ai = d9 , (72 = sin Odcj) , = di/j + cos 9d(j) . 



(C.22) 
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For all the examples that will be discussed in the following, the lower dimension metrics 
will be static. So the metric will not have any cross terms involving dt and the azimuthal 
angles. So for the terms involved in (j2.4p and (j2.5p . one will have fa = 0. What's more, 
all the gauge fields are of the particular form, A* = <I>*(r)dt; and for ()C.2ip . only ^^^^ ^ 0. 
So it is easy to see that hi/hy = —g^^{r). It is then obvious that all the metrics (jC.lSp . 
([aT9]) . (ja20|) . and ([021]) will be of the form ([230]) . Now lets look at explicit examples. 

The first example is with the maximal gauged supergravity in D = 5. It has S0{6) 
gauge symmetry. The Cartan subgroup is The five-dimensional three-charge static 

AdS black hole solution was constructed in [33]. We adopt the convention of [31j, and the 
solution is given by 



3,e) > 



dsl = -n-'^/^f dP + V}'^{r^df'^ + f'^d^ 



OLi = ^.^^^ , ^i=^smh/3i, (C.23) 

where dQ'^^ is the unit metric for S^, or H"^ for e = 1,0 or —1, respectively. If all 
the charge parameters /3i are set equal, the solution becomes the five-dimensional Reissner- 
Nordstrom AdS black hole. We see that 

^ = -g^,, h'^ = hu = 0, 

A = di+-^dr =^ h^ = Vn, fi = 0, hA = 0. (C.24) 

The second example is with the maximum gauged supergravity in = 4. It has 5*0 (8) 
gauge group, with the Cartan subgroup The four-charge static AdS black hole was 

constructed in |34]I35). Following the convention of [31j, the four-dimensional 4-charge AdS 
black hole solution is given by 

dsl = -U'^'^f dP + n^/^ir^df^ + r^d^lJ , 
Xi = Hr^n^/\ Al^ = <S>,di, = -(i-/7-i)a,, 

/ = e-i^ + 4g^f^n, n = HiH2H^Hi, H, = 1 + ^ , 
r r 

Vl + e sinh^ /gj op;^ 

ai = — — , ^i = ^smh (3i, (C.25) 

smh Pi 

where dQ,2 ^ is the unit metric for S'^, or for e = 1, or — 1, respectively. If the charge 
parameters Pi are set equal, the solution becomes the standard Reissner-Nordstrom AdS 



26 



black hole. We see that 

A = di+-^dr =^ hy = Vn, fi = 0, hj^ = 0. (C.26) 

The third example is with the maximal gauged supergravity in D = 7. It has SO{5) 
gauge symmetry, whose Cartan subgroup is U{1)'^. The seven-dimensional 2-charge AdS 
black hole solution is given by [31] 

Xi = Hr^n''\ ^Ji) = $idt, ^i = -{l-H-^)ai, 
f = + n = HiH2, = 1 + ^, 

Vl + esinh^/3j 4 ^ o o'7^ 

ai = sinh^- ' H = smb. (Ji , (C.27) 

where ^ is the unit metric for S^, or for e = 1, or — 1, respectively. We see that 

^ = -g<^,, h^ = hu = 0, 

A = di+-^dr =^ hy = Vn, /i = 0, hA = 0. (C.28) 

The last example is with the gauged supergravity in D = 6 constructed in [36j. It has 
a SU{2) gauge symmetry. The U{1) charged AdS black hole was constructed in [32], 



4,e) ) 



dsj = -H~^l^f dp + H^/'^{f-^df^ + f^dn 
X = H'^'^ , ^(i) = ^>dt, ^ = -^/2{l- H'^)adi, 

Vl + e Sinh^ /? nZ ■ ^ 2 o ir^ nn\ 

a = — , r = iJ. smh^ /3 . (C.29) 

sinh p 



We see that 



^ = -g^, h„i = K2 =h^ = hu = 0, 
A = di+ -jdr =^ K = H, fi = 0, /i^ = . (C.30) 

C.3 Extremal Rotating Black Holes in Supergravity Theories 

The Kerr/CFT correspondence for rotating black hole solutions in supergravity theories 
were studied in |6j. Here we will revisit some of the examples by comparing them with 
(|2T0]1 and (|2TT]1 . 
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In the five dimensional (un)gauged supergravities, there are three non-extremal solutions 
that cannot accommodate each other. They are the three-charge two-rotation Cvetic-Youm 
solution [37] in the ungauged supergravity, the three-charge equal-rotation solution [38J and 
the three-charge (two of which equal) two-rotation solution [39j in the gauged supergravity. 

The Cvetic-Youm solution is given by 



Gidt + A 



dx'^ dy^ U 



z 



XY 



da' 



A 
X 

u 

Xi 



2mciC2C3 [(a^ + 6^ — y)da — ahdx\ 2msiS2Sz{ahda — ydx) 

X + y — 2m X + y 

{x + a^){x + 6^) - 2mx , Y = -{a^ - y){h'^ - y) , 



yX-xY, Z = ah{X + Y), G = [x + y){x + y - 2m) 
abdx + {y — — b'^)da 

+CiSjSk{abda -ydx)^ , i^j^k, 



2m ( 
Hi I 



^1 ^2 ^3 



Hi = X + y + 2mSi , 



(C.31) 



where Si = sinh 6i , Ci = cosh 5i and i,j,k = 1, 2, 3. The variables x ^iid ^-r^ related to the 
canonical azimuthal angles by 



_ acpi — b<p2 _ b4)i — a4)2 
Q,2 _ 52 ' ^ q2 _ 52 



(C.32) 



Near the horizon, a is playing the role of the time direction as in the Schwarzschild solution. 
We have for ([23]) and (l23]l . 

{a? — b'^)y/xdx 



A = d(j + 

By comparing various terms, we find that 

„2^2^2 I ^2 ^2 ^2 



2X 



1 



yx_ 

xY 



(C.33) 



hi 
h2 



ab{c(c2C^ + sf S2S§) - (a^ + 6 - 2m)ciC2C3SiS2S3 ^ 
- ■ my X , 

aOCiC2C3 -I- XSiS2S'i 

a{b'^ + x)siS2S3 — 6(6^ — 2m + x)ciC2C3 ^ 

2{abciC2C3 + XS1S2S3) 
b{a?' + x)siS2S3 — a{a?' — 2m + x)ciC2C3 



2{abciC2C3 + XS1S2S3) 



X, 



(C.34) 



and so 



da 



b^' 



62' 
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dt + I = 2m(a^- y) / accc ^fi£2£3 W^^^ _ /^^^ 

— 0^ \x + y — 2m x + y / \ hy 

— b'^ \ x + y x + y — 2m/\ hy 

hv{abciC2C3 + siS2S3x)(x + y - 2m){x + y) ' 

It is obvious that ()C.3ip is of the form (j2.1ip with hj{,h]^,h^ / but /itt = 0. As a side 
remark, note the gauge fields can be written as 

A = ^^2 ^^2)/^. ~ "■SiCjCk){a'^ - y){d^i - J^dt^ 

ho 



+{bsiCjCk — aciSjSk){b^ — y)(d(f>2 — -r^dt 

^ I If}) 



abciSiiCjcl + sjsl) - CjCkSjSk[x + cfia^ + 6^ - 2m)] 

{abciCjCk + s^SjSkx)h^/{m^/x) 

CjCkSjSkXmy/x oa\ 

+Th T \nr^^^ i^J^k. (C.36) 

[abCiCjCk + SiSjSkXjhih^ 

When transforming to the coordinates on the horizon by (j2.7p . only the third line will lead 

to a divergence, but which can be absorbed as pure gauge. 

For the three-charge equal-rotation solution in the gauged supergravity [38j, the result 

is given by 

{X 
- —df + —dr^ + de^ + cos^ e sin^ 9{d(j) - dipf 
Ji X 

cos^ ed(l) + sin^ Od^j - ^dt 

X = r'^ - 2m{r^ - f ) + g'^ fi , fi = 2mf{r'^ + 2ms)+R^, 
/2 = 2m£r'^{ciC2C3 - S1S2S3) + 4m'^isiS2S3 , 
R = {HiH2Hs)^/^, Hi = r^ + 2ms^ , i = 1,2,3, 

S = 2siS2S3{ciC2C3 - S1S2S3) - sjsl - sjsl - slsl , 
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2m 

hi 



CiSidt + £{ciSjSk — SjCjCfc) (cos^ Odcj) + sin^ Odi/j) . (C.37) 



It is easy to tell that the metric is of the (|2.10p with 

K=ryTi, h^ = h^ = ^, hA = h^ = h'l^ = hu = 0. (C.38) 



^1 

After using (I2.7p . the gauge fields are also regular on the horizon up to some divergence 
which can be absorbed as pure gauge. 

The three-charge (two of which equal) two-rotation solution in the gauged supergravity 
was found in [39j, and the result is given by 



2/3 H-i/3 j f 2 _ 2^(^_ ^\ _ x^Xjdt + y'^daf 

y) {x^-y^)fHl 

y^Y {dt^{x? ^2ms\)da\ 



+- 



(x2 -y2)(^ + y2)^2 

-[/ + y^da + 



a&(a;2 - y2^JJ3 _ 27715303(7 + y2) j 

_ j2 _ 2msici{dt + y'^da) 
(x^ — y'^)Hi ' 

3 _ 2m {g3C3(dt + y'^da) - (sf - si) [abda + (7 + y'^)dx] ] 
^ - (x2-y2)iJ3 ' y^--^^) 

2\„2 



/ = + 7 + 2ms| , 7 = 2a6s3C3 + (a^ + 6^)5 



3 ' 



U 



[ab(x^ - 7/^)^3 - 2ms3C3(7 + y^)] ' 
2ms? ^ 2msq 



Hi — 1 -\ — 7^ \t , — 1 + ^ 



X 



— x^ — 

-2mx'^ + (a^ + x'^)(l? + x^) 
x2 

_^5f2(a2 _^ 2msf + x2)(62 + 2msf + x'^){2msl + 7 + x^ 



x-^ 



Y 



+ y'^){P + y'^) [l + 5^(7 + y^ 



y2 



Si = sinh 5j , Cj = cosh 5j , a = 003 + 653 , 5 = 603 + 053 . 

Comparing with ()2.4p and ()2.5p . we see that 

A = dt + y^da+^-^^^y^}^dx 

xX 

XA 
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X 



V7 

X 



As a result, 



dt + {x^ + 2msi)da oc da — -j—dt , 

flu 



(C.40) 



(C.41) 



and with h 



X 



ah + 2mc3S3 

^77 



+ 



x^ - y^)fHi [abda + (7 + y^)dx] 
ab{x^ - y'^)Hs - Ims^csij + V^) 
{ah + 2mc3S3){x^ - y'^)Hi{y^ + 7) 
ab{x^ - y'^)H3 - 2mcsS3{y'^ + 7) 

(y^ + 7)(x^-yVgi /^^ _ h^^^ 
ab{x'^ - y'^)H3 - 2mc3Ss{y'^ + hy 



dt + y^da + 



x + 2msi + 



dt 



(C.42) 



Now it is obvious that the metric in ()C.39P is of the form (|2.10p . For the gauge fields, one 
has 



As 



A2 



2mciSiy'^ 



da - ^dt ] + 



2mciSi 
x"^ + 2ms? 



dt, 



2m 



ab{sl 



csssy 



+{si-sl){y'+j)[dx-'-^dt 



da — -r-dt 



2m 



+- 



C3S3/ + (ab + 2mc3S3)(s? - 



dt. 



(C.43) 



f{x^ + 2ms?) 

Again, when (|2.7|) is used, the divergent pieces can be absorbed as pure gauge. 

In the following, we consider a few more solutions in dimensions other than five. Again, 
all these have been studied in [6] . We include them here just to show the general applicability 
of the metric ([230]) and ([2TT]) . 

The first example is the four-charge black hole of the ungauged supergravity in four 
dimension [iQl HI] , 



S2 



o — 2mf , . /df 
dsl = -^—^ {dt + Bd(l)f + W i^— + dO' + 

The detail of various functions can be found in [6j. Notably, 



A sin2 e dp 
— 2mr 



(C.44) 



A = f2-2mf + a^, = + cos^ 6* , W = W{r), 



B 



2ma^ sin^ 0[fciC2C3C4 — (f — 2m)siS2S3S4] 
a(p2 — 2mf) 



(C.45) 



31 



Note — 2mr = A — sin^ 9. So when it comes close to the horizon, dcj) replaces dt + B ( 
and become the time direction. What's more, 



1 / A 



sm 



+ 0(A2), 







2m[fciC2C3C4 - (f - 2m)siS2'S3'S4] ' 

Comparing (|C.44p with ([Til) , we have for (f23]l . 



(C.46) 



\/a2 sin2 e-A 

Asmt^ 

o df 

+ a"^'' " 2asin2 ' 



By letting /i^, = — and /i^ 

-DO 



= a, hA 

1 



1 



2a sin"* 



(C.47) 



asm 



, we also have 



di + B dd> (X 



hi + htA 



hv 



-di + 0{A^ 



(C.48) 



So (fU:44D is of the form (12141 with hu = 0. 

The next example is the rotating black hole solution in four-dimensional U(l)^ gauged 
supergravity with the four U(l) charges pairwise equal [41]. The metric is 

R 



ds' 



H 



+ 



tto,'~o on \ dt- ° „ ^ dcf)] + dr"^ + ^ dy^ 

H^{r^ + y^) \ Ea J R Y 



Y 



dt 



(f + qi){r + q2) ^ ^ 



(C.49) 



where 



R = r'^ + + g'^{f + qi){r + q2)[{f + qi){r + q2) + a^] - 2mf , 

Y = (i-5V)(a^-y'), H = 1-5V, 



H 



(r + qi){f + q2) + y"^ 

f2 _j_ y2 



, qi = 2ms'j , sj = sinh 6i . 



(C.50) 



Comparing ()C.49P with (|2.4p . we have for ([23 



R 



It is easy to see that 



dt 



{r + qi){f + 52) + 
R 



(f + gi)(r + ^2) + 



.^a 



^a 

'r 



oc 



-dt. 



(C.51) 



(C.52) 
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So (10491) is of the form (|2J0]1 with Ha = h'^ = hu = 0. 

A single-charge two-rotation solution to the six-dimensional SU(2) gauged supergravity 
was found in 02]. The metric is 



,2 _ rrl/2j _J^J2 {r^ + V^XV^ ' Z^) ^ 2 

U 2 {l^z%l-y^ ZA\ 

+ Z ^ (^2 + ^2)(^2_y2) 



(C.53) 



T r-2 , 2\t 2 2\'^4>l 1-2 , l2n/l2 2n#2 

ei €2 HU 

Az = dt-{r +a){a -y) (r +b){h -y ) — — , (C.54) 

where the various functions and constants can be found in [6]. The ones relevant for us are 

A = dt-ia^-y'){a-'-z^)^-ib'-y^){b^-z')^. (C.55) 

ei £2 



Comparing (jC.SSP with (j2.4p . we have for (j2.5 

' R 



A = A + ^dr. (C.56) 



By comparing various terms, one can find 



K = {f' + a'){f' + + qr , 

+ b'^ , + r^,^ 
"1 = ^ T?^! ' "2 = 73 5-e2 , (C.57) 



and 



J (z2-a2)[gr + (f2 + a2)(f2 + z2)](j^2^y2) 

= HuTl ['^'f''-h-f 

{z'^ -b'^)[qf + {f^ + b^){f^ + z^)]{f^ +y^) / ^2 ^2 ,r 

+ HUT2 (^"^^ - /^^' 

T (y2-a2)[gf + (f2+a2)(f2+y2)](r2 + ^2^ ;^ 

-^^ = wmi K'^'^'-vJ' 

^{y'-b-)[qr + if^ + b^){f^+y^)]ir^ + z^).^^ _ /^^A 
HUe2 V h.,} J 

So (ICl53l) is of the form (|2T0]l with = hf- = hu = 0. 

The single-charge three-rotation black hole solution to the seven-dimensional SO (5) 
gauged supergravity was found in [43j. The metric is 

,2 ..2/5 f R 72 ^,^2 {r^ + y^){y^ - , 2 

ds^ = H'/^l-j^A' + -dr'+'- '-^ '-dy' 
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(f2 + y'^){y'^ — z"^) 

(f2 + Z^)(z^ — y^) f'2y2^2 7r' 

i=i I ^ * 

where the various functions and constants can be found in [6j. The ones relevant for us are 

^ = 1+ ^2^ 2V-2^ 2^ ' A = di-Y,l^—■ (C.60) 



Comparing ()C.59P with (j2.4p . we have for (|2.5 



^ = ^ + ^(ir. (C.61) 



By comparing various terms, one can find 

(r^ + al){r^ + al){r^ + a|) + ^(r^ - 5010203) 



I) ^2 
„2 I „2^/^2 I ^2^ 



ai{r^ + aj){r^ + o^) - gqajak 



= — 2T7"^ — ^rjrf^, (C.62) 



and 



i=l 
i=l 



\q{aia2a^ + gy'^z'^) 010203 2 , 2^ 
3 ttTt -^—V^ +a» 



hi 



A-! = Y— — t(d^,-'-^di). (C.63) 

01020364 V /i„ / 

So (fOMj) is of the form (12^0)1 with hj^ = = ha = 0. 
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